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^ ' We study asymptotic dynamics of a coupled system consisting of 

linearized 3D Navier-Stokes equations in a bounded domain and the 
classical (nonlinear) elastic plate equation for in-plane motions on a 
flexible flat part of the boundary. The main peculiarity of the model is 
' the assumption that the transversal displacements of the plate are neg- 

. ligible relative to in-plane displacements. This kind of models arises in 

the study of blood flows in large arteries. Our main result states the 
i existence of a compact global attractor of finite dimension. We also 

I show that the corresponding linearized system generates exponentially 

. stable Co-semigroup. We do not assume any kind of mechanical damp- 

I ing in the plate component. Thus our results means that dissipation 

of the energy in the fluid due to viscosity is sufficient to stabilize the 
system. 
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1 Introduction 

We consider a coupled (hybrid) system which describes interaction a homo- 
geneous viscous incompressible fluid which occupies a domain O bounded by 
the (solid) walls of the container S and a horizontal boundary 0, on which a 
thin (nonlinear) elastic plate is placed. The motion of the fluid is described 
by linearized 3D Navier-Stokes equations. To describe deformations of the 
plate we involve a general (full) Kirchhoff-Karman type model (see, e.g., 

* e-mail : chueshov@univer . kharkov . ua 



1 



[2b\ [2^ [?7] and the references therein) with additional hypotheses that the 
transversal displacements of the plate are negligible relative to in-plane dis- 
placements. Thus we only consider longitudinal deformations of the plate 
and take account of tangential shear forces which fluid exerts on the plate. 
This kind of models arises in the study of the problem of blood flows in 
large arteries (see, e.g., [30] and also [T7] for a more recent discussion and 
references) . 

We note that the mathematical studies of the problem of fluid-structure 
interaction in the case of viscous fluids and elastic plate/bodies have a long 
history. We refer to [HI [T71 \T8[ [19\ [23] and the references therein for the 
case of plates/membranes, to [15] in the case of moving elastic bodies, and 
to [H [21 [3l [SI [HI [IS] in the case of elastic bodies with the fixed interface; see 
also the literature cited in these references. 

Our mathematical model is formulated as follows. 

Let O C be a bounded domain with a sufficiently smooth boundary 
do. We assume that dO = O U 5, where Q C {x = {xi;x2;0) : {xi;x2) € 
M^} and S is a smooth surface which lies under plane X3 = 0. The exterior 
normal on dO is denoted by n. We have that n = (0; 0; 1) on Q. We consider 
the following linear Navier-Stokes equations in O for the fluid velocity field 
V = v{x, t) = {v^{x, t);v^{x, t); v^{x, t)) and for the pressure p{x, t): 

dtv-uAv + \/p = G in Ox(0,+oo), (1) 

div't; = in Ox(0,+oo), (2) 

v{x,0)=vo{x) in O, (3) 

where > is the dynamical viscosity and G is a volume force. We sup- 
plement ([I])-(l3|) with the (non-slip) boundary conditions imposed on the 
velocity field v = v{x,t): 

v = on S; v = {v^;v^;v^) = {ut;0) = {ul;ul,0) on 0, (4) 

where u = u{x, t) = {u^{x, t); v?{x, t)) is the in-plane displacement vector of 
the plate placed on VL satisfying the following equations (see, e.g., |26] and 

my 

phui - (a,,iVii + d^,Ni2) + F^ = in J] X (0, 00), (5) 

and 

phul - {d^,N2i + d^^N22) + = in J] x (0, 00), (6) 

with 

Nn = D {ul^ + pul^) , N22 = D {ul^ + 

and 

Nl2 = N2l = -{l-^l) {ul^+ulj, 
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where D = Eh/{1 — fj?), E is Young's modulus, < ^ < 1/2 is Poisson's 
ratio, h is the thickness of the plate, p is the mass density. The external 
(in-plane) force (F^;F^) in ([5]) and ([6]) consists of two parts, 

= r{u\u^)+T,{v), i = l,2, 

where {f^{u^ ,u'^); f'^(u^ ,u'^)) is a nonlinear feedback force represented by 
some potential $ (which we specify below): 

and {Ti{v);T2{v)) is the viscous shear stress exerted by the fluid on the 
plate, Ti{v) = ((Tn)|^, ei)^^. Here T = {Tij}fj^^ is the stress tensor of the 
fluid, 

Tij = Tij{v) = V {v\^ + vi}j - p6ij, i,j = 1, 2, 3, 

ei = (1;0;0), 62 = (0;1;0) are unit tangential vectors on C dO and 
n = (0; 0; 1) is the outer normal vector to dO on Q. A simple calculation 
shows that 

T,{v) = T,s{v) = V (^3 + = j.^^, i = 1,2, 

(in the last equality we use the fact that f^(xi;x2;0) = for (xi;x2) G 
due to the second relation in and hence v^.^ = on il, i = 1,2). 

Thus we arrive at the following equations for the in-plane displacement 
u = (tt^;n^) of the plate (below for some notational simplifications we as- 
sume that ph = I and D{1 — p)/2 = 1): 

uit - Au' - Xd^^ [divu] + 1^43 1x3=0 + fiu) = 0, i = 1, 2, (7) 

where A = (1+ p){l — p)~^ is a nonnegative parameter. For the displacement 
u = (n^;ti^) we impose the clamped boundary conditions on F = dO,: 

= on F, i = 1,2. (8) 

Our main point of interest is wellposedness and long-time dynamics of solu- 
tions to the coupled problem in ([7]), and ([8]) for the velocity v and 
the displacement u = (u^;ti^) with the initial data 

v\t=o = vo, u\t=o = uo, Ut\t=0 = Ul. (9) 

This problem in the case when G = 0, A = and P{u) = was considered in 
[19] (see also [T71 [18] ) with an additional strong (Kelvin- Voight type) damp- 
ing force applied to the interior of the plate. These papers deals with the 
existence and asymptotic stability of the corresponding semigroup. In con- 
trast with [17[ [Is] [19] we do not assume the presence of mechanical damping 
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terms in the plate component of the system and consider nonhnearly forced 
model. 

Our main result (see Theorem 14. ip states that under some natural con- 
ditions concerning the potential <I>(n) of feedback forces system ©-(HI) and 
([T])-® possesses a compact global attractor of finite fractal dimension which 
also has some additional regularity properties. Our considerations involves 
recently developed approach based on quasi-stability properties and stabiliz- 
ability estimates (see, e.g., |101I12[[T^ for the second order in time evolution 
equations and also [3 [13] for thermoelastic problems). 

We also improve substantially the stability results presented in [T71 [181 
119] . Namely, as a consequence of dissipativity property of the nonlinear 
model we prove (see Corollary 14. 4|) that linear part of and ([T])-© 

generates uniformly exponentially stable Co-semigroup of contractions with- 
out any dissipation mechanisms (except the fluid viscosity) in the system. 

We note that a linear model related to ([II-(|1]) and d?])-® was consid- 
ered in [28| Section 3.15] from the point of view of boundary control. In 
|28] the authors deal with the so-called linearized model of well/reservour 
coupling with monophasic flow. This is a scalar linear model represented by 
the diffusion (heat) equation in O coupled with the wave equation on Q with 
an interface condition like in (j4]). The scalar structure of the model makes 
it possible to prove [281 Proposition 3.15.5] that this model generates con- 
tractive exponentially stable analytic semigroup. We do not know whether 
the result on analyticity remains true for the hydrodynamical situation we 
consider. We also note that in fact the long time dynamics in problem ([7]) 
with a given stationary smooth velocity field v was studied in [TT] and [12l 
Chapter 7]. 

The paper is organized as follows. In the next Section [2] we discuss an 
auxiliary Stokes problem and rewrite problem ([I|)-((l|) and dZI-Q as a single 
first order equation in some extended space H. Then we prove that the linear 
version of the problem generates strongly continuous contractive semigroup 
inH. In Section [3] we prove the existence of strong and generalized solutions 
to the original nonlinear problem and establish energy balance identity. For 
this we use ideas presented in [29] . Section [4] contains our main results 
on long-time dynamics of system ([I])-((l]) and ([7|)-(l9]). Our considerations 
here are based mainly on the idea of quasi-stability (see, e.g., [12] and [HI 
Section 7.9]). 

2 Preliminaries 

In this section we first provide with some results concerning to Stokes prob- 
lem and then consider the abstract form of the system. Below we denote by 
H^{D) the Sobolev space of the order s on the set D, by Hq{D) the closure 
of C^{D) in H'{D), and by H'{D)/M. the factor-space with the naturally 
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induced norm. 



2.1 Stokes problem 

In further considerations we need some regularity properties of the terms 
responsible for fluid-plate interaction. For this we consider the following 
Stokes problem 

-uAv + Vp = g, div't; = in O; (10) 
V = on S; v = (ip; 0) on Q, 

where g € [L^(C')]^ and ^p = {tp^ ; t/j'^) G [L'^{Q)]'^ are given. This type 
of boundary value problems for the Stokes equation was studied by many 
authors (see, e.g., [24j and [33| and the references therein). We collect some 
properties of solutions to (jlOp in the following assertion. 

Proposition 2.1 Let g e [L^{0)f and ip G [H^{Q)]'^. Then 

(1) Problem 1^ has a unique solution {v;p} G [H^/^{0)f x [H^/'^{0)/M] 
such that 

\H\[H^+={0)]^ + \\p\\h^{0)/1R < Co |||5'||[//-1+.(C))]3 + ||'0||[H=+i/2(Q)]2| 

(11) 

for every < s < 1/2. Moreover, 

(2) We have that ^qv G [H~^^'^(Q)]'^ for the trace operator defined (on 
smooth functions) by the formula 

jnv = '^{vl,;vl) for v=iv';v^;v^)e[H\0)f. (12) 

(3) If g = we also have that 

\M[L2iO)]'^ < co||V'll[L2(n)]2, (13) 

thus we can define a bounded operator Nq : [L2{0,)]'^ i-^ [L^(O)]'^ by 
the formula 

( -i^Aw + Vp = 0, divw = in O; , . 

{u) = onS; w = {'tp;0) on $7, ^ ^ 

for ip = (V'^; V'^) G [^2(^^)1^ (Noip solves ([lOD with g = 0). 

Proof. 1. The existence and uniqueness of solutions along with the bound 
in (jlip follow from Proposition 2.3 and Remark 2.6 on Sobolev norm's in- 
terpolation in [33, Chapter 1]. 

2. To prove Statement 2 we use the same idea as in [1] which involves 
the boundary properties of harmonic functions (see |22j). 
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We can represent v in the form v = v+v* , where v solves (|10p with tp = 
and V* satisfies pop with g = 0. By Proposition 2.3 \33\ Chapter f]. we 
have that v € [H^{0)]^ and thus by the standard trace theorem there exists 
dnv\ao e [H^/^{dO)f. Consequently -fnv € [i?V2-<5(f^)]2 ^ [//-i/2(!^)]2_ 

Thus we need to establish Statement 2 in the case g = only. In this 
case the pressure p is a harmonic function in O which belongs L2{^). Thus 
by Theorem 3.8.1 }22j we can assign a meaning to p\n in H~^^^{dO). Now 
using the Gauss-Ostrogradskii formula one can see that Vp € ([-ff^(C')]^) . 
Therefore from (|10p with g( = we have Av € ([i?^(0)]^) . Using the Green 
formula 



dnv'i^dS = / Av'tpdx 

do Jo 



[ Vv'V^pdx, VV'€F^(0), 
Jao 



for every velocity component v^, we conclude that 'Jqv € 

3. To prove the third statement we use the representation of the velocity 
field with hydrodynamical potentials (see [24] )• Indeed (see [Ml Chapter 3, 
Section 2]), the velocity field v = (v^ ; v"^ ; v"^) solving (jlOp with g = admits 
the representation 

3 

^'W = E/ K^j{x,y)cl>>{y)dSy, i = 1,2,3, x£0, (15) 
j=lJdO 

where <j) = {cp^; 0^; (j)"^) satisfies the integral equation on dO: 

\4>\x) + y^j Ki,{x,yW{y)dSy = ^\x), i = 1,2,3, x(^ do. (16) 
2 ,=JdO 

Here ip is the extension of (V'SO) on dO by zero. The kernels Kij{x,y) has 
the form 

, s 3 {xi — yi)ixj — Vj) ix — y,ny) 
47r |a; — \x — y\'^ 

where Uy is the outer normal vector at y. By the theory of integral equations 
with weak singularities (see, e.g., the references in [23]) we have that the 
function (j) is uniquely defined by ip from ()16p and the mapping ip ^ (j) \s 
continuous from [L2(ri)]'^ into {L2{dOyf' . One can also show (some details 
can be found in [211 Chapter 3, Section 2]) that 

sup / \Kij{x,y)\dSy+ su^ / \Kij{x,y)\dx < C, i,j = 1,2,3. 

xeoJdO y&doJo 

Therefore we can apply the Schur test (see, e.g., Theorem 5.2 in [21]) to 
conclude that the mapping cp v given by (jlSp is continuous from [L2{dO)]^ 
into [^2(0)]^ This implies (US]). □ 

We do not pretend that the boundary trace regularity stated in Proposi- 
tion [2T] are optimal. They are sufficient for our purposes and therefore we 
do not pursue the optimality issues. 
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2.2 Abstract representation of the problem 

We introduce the following spaces 

X = {v e [L2{0)f : divv = 0; 7„t; = iv,n) = on dO} ; 

and 

V = {v e [H^iO)f : divv = 0; v = Oon S, 7„w = on J^} . 

We equip X with L2-type norm || • \\o and denote by (■, ■)o the corresponding 
inner product. The space V is endowed with the norm ||-||y = ||V-||c) 

Let Pl be the Leray projector which maps the space [^2(0)]^ onto X. 
With this projector we rewrite ([II)-© in X as follows 

dtv + Ao{v - Nout) = G, t>0, v\t=o = vq, (17) 

-vPlA. is a positive 



where G = PlG £ X, Nq is defined by ([11]), and Aq -- 
self-adjoint operator with the domain 

V{Aq) = {v£ \H^(p)f : divt; = 0; u = on dO} . 

For the plate component we use the spaces 

Y = [L2{n)f = L2{n) X L2{n) and W = 

We denote by |[ • ||n and {■,-)n the norm and the inner product in Y. 
In the space Y for A > we introduce the operator 



A 



Xdl 



X1X2 



X2 



(18) 



with the domain V{A) = [{H"^ n Hl){9)f C W. One can see that ^ is a 
positive operator in Y generated by the form 



a[u, u 



V j Vu'Vu'dn + X [ divu-dwudn = {A^/'^u,A^/'^u)n, 



where u = {u^;u'^) and u = {u^]v?) are from W. With this operator A 
problem ([7]) and ([8|) can be written in the space Y as follows, 



utt + Au + jnv + f{u) = 0, t>0, u\t=o = uo, ut\t=o = ui. 



(19) 



where u = (n^;n^), the operator A is defined in ([T8|), 7^ is given by p^ . 
and/(n) = (/i(n);/2(n)). 

Now we consider the phase space Ti = X xW xY with the inner product 



([/, U*)h = (v, v*)o + (vl'/'no, A^/^u*o)n + {m,ul)n, 
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where U = {v;uq;ui) and U* = {v*;Uq;uI) are elements from T-L. 

We rewrite problem ()17p and ()19p as a first order equation for the phase 
variable U = {v; u; ut) G of the form 



^ + AU + T{U)=0, t>0, 



U\ 



where T{U) = (0; 


0; 


fin)) 


and 











A = 




















A 


with the domain 










T){A) = |[/ = 




V 

Uq 


G 


n 






. ^1 . 







Ao 


in A 



-AoNo 
-I 




-uPlAv G X 



(20) 



(21) 



Ao{v - Noui) 
ui eW 

Auo + jnv G y, w|n = (ui;0) 



(22) 



To solve (I20p we use methods from [29j . For this we first prove the following 
assertion. 

Proposition 2.2 The operator A is a maximal accretive operator in %. 
Moreover, R[A) = H and thus A is invertible and by the Lumer-Phillips 
theorem (see [29, p. 14]) generates Co-semigroup of contractions in %. 

Proof. One can see that 

{AU, U*)n = H'^v, Vv*)o - {Auo,ul)n + {Au*o,ui)n, 

where U = {v;uo;ui) and U* = {v*;uq;uI) are elements from T){A). This 
implies that (AU, U)-^ = vWVvWq > and thus A is accretive. 

To prove maximality it suffices to show that R{A) = H, i.e., to solve the 
equation of the form AU = F for F = {g;hQ;hi) G 7i. We obviously have 
that U = {v;u; —ho), where v gV solves 



—uAv + Vp = g, divt; = in O; 
v = on S; v = (— /io;0) on Q, 

1 2 



(23) 



with ho gW = [Hq{Q)^ , and u satisfies the equation 



Au = --fnv + hi, hieY=[L2in)Y. (24) 

It follows from Proposition 12.11 that there exists v G [H^^'^{0)]^ satisfying 
([23]) such that jqv G [H-^/^{n)]^ C [V{A^/^)]'. Now we can solve equation 
dMl) with respect to u. Thus R{A) = %. □ 



Remark 2.3 The argument above shows that 

V G [H^I\0)f,^nve{H-^'^m\ 
v\s = 0, -ujn = (-uiiO), 
noG[(F3/2nFi)(J7)]2, uie[Hlm^ 







V 




D(^) C < 


h 


Uo 


G n 






. ^1 . 
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3 Well-posedness 

We assume that the plate force potential $(n) possesses the properties 

• € C'^{M?) is nonnegative polynomially bounded function, i.e., 

<C{l + \u\P), i,j = 1,2, n = (li^n^) e m2, (25) 
for some C,p>0. 

• The following dissipativity condition holds: for any 6 > there exists 
ci{S) > and C2{S) > such that 

J2u'f{n)-ci{5Mu) + S\u\^>-C2{5) with f{n) = ^^. (26) 

1=1,2 

As examples of a such potential $(«) we can consider 

$(u) = V'o(hT + h^P) or ^u)=iJiiu^) + Mu'^), (27) 
where ipi{s) are nonnegative functions from C^(M) such that 

(a) \ip"{s)\ <C{1 + Inj-?) for some C,q>0; 

(b) sip^{s) — co^i(s) > — ci for some cq > and ci > 0. 

For instance, ipi{s) can be polynomials of even degree with a positive leading 
coefficient and and with sufficiently large free term. 

We also note that under the assumption in (|25p the nonlinear force 

/(.) = (mAn))=^^;^j 

in p9p satisfies the following local Lipschits property 

||/(n) - f{u)\\Y < a (l + ||n||^_^/^^^ + ||n||^,/^^ J ||^ - n\l,n, (28) 

for every < a < 1 and u,u G W, where || • denotes the norm in the 
space [H^{Q,)]'^. To see this we note that (j25p implies the estimate 

\f{u)-f{u)\ < C {1 + \u\P + \u\P) \u - u\, u,ueR^. 

Therefore the Holder inequality and the embedding H°'{Q,) C L2/(i_o-)(^) 
for < a < 1 imply (f28]l . 

Following the standard semigroup approach (see, e.g., p9] or |31j ) we 
give the following definition. 



dv^dui 
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Definition 3.1 The function U{t) = {v{t);u{t)]Ut{t)) G C{0,T]'H) such 
that f/(0) = Uq = (f; no; til) is said to be 

• strong solution to problem (j20p on an interval [0, T] if (i) U{t) € T^i^A.) 
for almost all t £ [0,T], (ii) Ut G Li(0,r;'H), and (iii) 1^ is satisfied 
as an equality in H for almost all t G [0,T]; 

• generalized solution to problem (|20p if there exist a sequence of initial 
data Uq and the corresponding strong solutions U^{t) such that 

lim max - U(t)\\n = 0. 

Theorem 3.2 Let Uq G 'H. Then for any interval [0,T] there exists a uni- 
que generalized solution U{t) = {v{t);u{t);ut{t)) such that v G L2{0,T;V) 
and the energy balance equality 

£{v{t),u{t),ut{t)) + u [ \\Vv\\ldT = £{vo,uo,ui)+ [ {G,v)odT (29) 
Jo Jo 

holds for t > 0, where 

£{v{t),u{t),ut{t)) = ^\\v{t)\\l+E{u{t),ut{t)) (30) 
with the energy E{u,ut) of the plate given by 

E{u, Ut) = \ (llntll^ + p^/'n||^) + ^ ^{u(x))d^. 

Moreover, 

• Any generalized generalized solution is also mild, i.e. 

U{t) = e-^^Uo + r e~(*-^)-^7-(C/(r))dT, t > 0. (31) 
Jo 

• There exists a constant a_R,r > such that for any couple of generalized 
solutions U{t) = {v{t);u{t);ut{t)) and U{t) = {v{t);u{t);ut{t)) with 
the initial data possessing the property H^/olIwi ll^^oll'H ^ ^ w)e have 

\\U{t) - Umn + f l|V(t; - v)\\odr < aR^rWo - UoWn (32) 
Jo 

for every t G [0, T] . 

• The solution U{t) is strong if Uq G T>{A). 
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Proof. By Proposition 12.21 the linear part of (|2U|) generates a strongly 
continuous semigroup. By ()28p we also have that the nonlinear part in 
()20p is locally Lipschitz on %. Therefore the existence of (local) strong and 
generalized solutions follows from Theorem 6.1.6 [29j and from the argument 
provided in the proof of Theorem 6.1.4 [29]. The latter theorem also means 
that generalized solutions are mild on the existence interval. 

Now we consider strong solutions on the existence interval and establish 
the energy relation. A simple calculation gives 



~\Ht)\\l + A^v 



dn 



■ui + 



It is also clear that for plate we have that 



^E{u{t),ut{t)) + u 
at .in 



dn 



dn+ vGdx. (33) 



dxs * dx3 * 



o 



dn = o 



(34) 



The sum of equalities (j33p and (|34p along with the relation n = (0; 0; 1) on 
Q after integration gives the energy equality in (I29p for strong solutions on 
the existence interval. 

It follows from (IMl) and (ESI) that 



(35) 



\U{t)f^ <Cr+ f \\G{T)\\ldT, \\U4h < R, 
Jo 



on the existence interval. This implies (see, e.g., Theorem 6.1.4 |29] ) that 
both strong and generalized solutions cannot blow up and therefore they 
can be extended on M_|_. 

By the same argument as in the proof of the energy equality using rela- 
tions (f28]l and ([35]) we can prove that 



\V{v-v)\\ldT 



\\U{t)-U{t)\\l + 2,. 







< \\Uo-UorH + CR,T \\U{t)-Uit)\\n\\ut-ut\\ndT, t e [0,T]. 

Jo 

Using the standard trace theorem from the boundary condition in ^ we 
have that \\ut — ut\\ci < C||V('u — "0)110. Therefore applying the Gronwall 
type argument we obtain ([32]) . 

The relation in (|32p allows us to make limit transition in energy rela- 
tion (I29p from strong to generalized solutions and to conclude the proof of 
Theorem 13.21 □ 



Theorem 13.21 makes it possible to define a dynamical system (T-L,St) with 
the phase space T-L = X x W x Y and the evolution operator St defined by 

StUo = U{t) = {v(ty,u{t);ut{t)), 

where U{t) is a generalized solution to (I20p with initial data Uq € 7i. 
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4 Main result 



Our main result is the following theorem. 

Theorem 4.1 The dynamical system {T-L,St) generated by ()20p possesses a 
compact global attractor 21 of finite fractal dimension. Moreover, for any 
trajectory {U{t) = {v{t);u{t);ut{t)) : t € M} from the attractor 21 we have 
that U G C(M; V{A)) n C\R; %) and 

suv{\\vt{t)\\o + \\PL^v{t)\\o 

+ \\A^'^ut{t)\\n + \\utt{t)U + \\Au{t)+-inv{t)\\n} < C^- (36) 

We recall (see, e.g., [Hill [32]) that a global attractor of a dynamical system 
[v., St) is a bounded closed set 21 C which is invariant (i.e., 5t2t = 21) 
and uniformly attracts all other bounded sets: 

lim sup{dist(5jf7, 21) : U € B} = for any bounded set B in Ti. 
The fractal dimension dim^^ 21 of a set 2t in the space Ti is defined as 

dim".4 = limsup'°^<^-f>. 

^ e^o ln(l/e) 

where A^(2t, e) is the minimal number of closed sets in H of diameter 2e 
needed to cover the set 21. 

To prove the existence of a compact global attractor for {J-L,St) it is 
sufficient (see, e.g., (23 132]) to show that the system (T-L,St) is dissipative 
and asymptotically smooth. We recall (see [H [9l [32]) that the system is 
dissipative if there exists a bounded absorbing set Bq in H. A set Bq is 
said to be absorbing for (T-L,St) if for any bounded set B C H there exists 
time tB such that StB C Bq for all t > t^. A system {T-L,St) is said to 
be asymptotically smooth if for any closed bounded forward invariant set 
B cH there exists a compact set IC = IC{B) which uniformly attracts B: 

lim sup{dist(Stf/,/C) : U £ B} = 0. 

t— >oo 

Below to prove dissipativity we use an appropriate Lyapunov function. As 
fo asymptotic smoothness of the system and finite-dimensionality of the 
attractor, we rely on recently developed approach based on stabilizability 
estimates (see \12\ [TJ] and the references therein) . 

4.1 Dissipativity 

Proposition 4.2 The system {T-L,St) is dissipative. Moreover, there exists 
a bounded forward invariant absorbing set. 
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Proof. Let SfUo = U{t) = {v{t)]u{t);ut(t)). We consider the following 
Lyapunov type function 

W{v, u, ut) = S{v, u, ut) + 7] [{u, ut)n + (v, Nou)o] , 

where the energy £ is defined by (|30p and the operator Nq id given by p4p . 
The parameter r] will be chosen later. 

In the further calculations we deal with strong solutions. 

The trace theorem and the boundary condition on Q given in @ imply 
that lltitllo ^ C'llVt'll^ and therefore it follows from energy relation ()29p 



that 

j^£iv{t),uit),utit)) + coiWutWl + ||Vt;||^) < ci||G||^ (37) 



with some positive constants Cj. Using (I17p and (119p we also have that 

^ [{u,ut)n + iv,Nou)o] 

= IWtWh + {u,utt)n + {vt,Nou)o + {v,Nout)o 
= \\ut\\h - \\A^^^u\\ji - {f{u),u)n - {-fnv,u)n 

+{uAv + G, Nou)o + {v, Nout)o 
= \\ut\\l-\\A'/Ml-ifiu),n)n 

-u{Vv, VNou)o + {G, Nqu)o + {v, Nout)o. 

Here above we also use the fact that Aq(v — NoUt) = —Pl^v and the Green 
formula: 

I'iAv, Nou)o = -v{Vv, VNqu)o + {mv, u)n- 
Therefore using Proposition 12.11 we obtain that 

j^[{u,ut)n + {v,Nou)o] (38) 

< 2\\ut\\l - (1 - mA'/'ufn - {fiu),u)n + cs {\\Vv\\l + \\G\\h) 

for every 5 > 0. By our hypotheses (see ([26]) ) there is > and c/ > 
such that 

if{u),u)n-c} f ^u)dn + hA'/\\\l>-Cf. (39) 
Therefore from (1381) we have that 



^ [{u,ut)n + {v,Nou)o] 



< 2\\ut\\l - -c} Hu)d^ + Ci/4 (llV^lli, + ||G||^) + cy. 
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After selecting 77 > small enough, this relation along with (j57|) implies that 

^y<l{v{t)Mt).Mt)) + c^y^{v{t)Mt)Mt))<ci{cf + \\G\\l) (40) 

with some cq, ci > 0. This yields 

V^{v{t)Mt)Mt)) < W(7;o,no,ni)e-^o* + ^ (c/ + ||G||^) [l - 6"^°*] . (41) 

Co 

For 77 > small enough we definitely have that 

]^£{v, u, ut) < W{v, u, ut) < 2£{v, u, ut). (42) 

Therefore the standard argument (see, e.g., [H IH [32]) yields dissipativity 
with a forward invariant bounded absorbing set. □ 

The argument given above allows us to obtain the following assertion on 
asymptotic stability. 

Proposition 4.3 If G = and relation holds with 02(6) = 0, Then 
there exist cr > and a > such that 

\\StU\\n < CRe'"* for any U e H such that \\U\\n < R- (43) 

This means that in this case the global attractor 21 consists of a single point, 
2t = {(0;0;0)}, which is exponentially attractive. 

Proof. In the case considered we have c/ = in ()39p and also G = 0. 
Thus (|4ip has the form 

V^{v{t),u{t),ut{t)) < W{vo,uo,ui)e-^°\ t > 0. 

Hence (02]) implies (03]). □ 

We note that the hypotheses of Proposition 14.31 holds true if G = and 
relation (j27|) is valid with ipi G C^(M) possessing the additional properties: 
fpi{s) > V'i(O) = and ip[{s) is non-decreasing function. 

As a consequence of Proposition 14.31 for f{u) = we have the following 
assertion, which enforces Proposition 12.21 

Corollary 4.4 The operator A given by ()2ip and (j22p generates an expo- 
nentially stable Co-semigroup of contractions e~*"^ inT-L. In particular, there 
exists positive C, a such that 

l|e"*-^f/||L(w,W) < C'e""* for all t > 0. (44) 

This corollary improves the result in [19j which states the strong stability 
only. 
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4.2 Quasi-stability 



We use the method developed in [10] (see also [TH [T3] and the references 
therein) to obtain asymptotic smoothness and finiteness of fractal dimension 
of the attractor. This method based on quasi-stability properties of the 
system and involves the so-called stabilizability estimate. 

Proposition 4.5 (Stabilizability estimate) Let 

StUo = U{t) = {v{t)-u{t);ut{t)) and StU^ = U*{t) = {v*{t);u*it);uUt)) 

be two semi-trajectories such WStUoWn^ WSiUqW-h < R for all t > and for 
some R > 0. Then there exist positive constants cq, uj and cr such that 

\\StUo - StU^Wn < coe-^'\\Uo - U^\\h + cr T e''^^*--) ^(t) - u*{T)\\ndT 

Jo 

(45) 

for all t>0. 



Proof. Using the representation (I3ip . the exponential stability of the lin- 
ear semigroup e~*-^ given by (j44p . and also the local Lipschitz property in 
()28p we obtain that 

\\StUo - StU^Wu < Ce-"*||f/o - U^Wn + Cr f e~'''^'-^^\\z{T)\\,,udT (46) 

Jo 

for all t > 0, where z{t) = u{t) — u*{t) and < cr < 1, By interpolation, 

\\z\\a,n < m^'^A\n + Cs\\z\\n < 5\\StUo - StU^Wu + Cs\\z\\^ 

for every (5 > 0. Substituting this relation in ()46p and applying the Gronwall 
type argument with an appropriate choice 6 we obtain ()45p . □ 



We note that the property stated in Proposition 14.51 means that the system 
{T-i,St) is quasi-stable (in the sense of [HI Definition 7.9.2]). This observa- 
tion make it possible to obtain several important dynamical properties at 
the abstract level. 



4.3 Completion of Theorem 14.11 

Using the stabilizability estimate in (I45p via the Ceron-Lopes type criteria 
(see [m Corollary 2.7]) we can easily prove that (T-L,St) is asymptotically 
smooth (for some details for similar systems see, e.g., [I2l [13] and also [Ml 
Section 7.9] at the abstract level). Thus there exists a compact global at- 
tractor 21 for {%,St)- 

This attractor has a finite fractal dimension. To see this one should 
apply the same argument as in [12', Theorem 4.3], see also the argument 
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given in the proof of Theorem 4.1 in [13J for the case of thermoelastic plate 
models. 

The regularity property in ()36p follows by the same argument as in the 
proof of \12\ Theorem 4.17], see also the proof of Theorem 6.2 [13] and 
argument given in [lH Section 7.9.2] for the abstract quasi-stable systems. 

Thus the proof of Theorem 14.11 is complete. 

Remark 4.6 As in [12] and [14^ Section 7.9] we can use the stablizability 
estimate to construct exponential fractal attractor (whose dimension is fi- 
nite in some extended space) and prove the existence of finite number of 
determining functionals supported by displacement component of the plate. 
We also note that using the same approach as in [12,, Theorem 4.23] (see 
also [m Section 8.7]) and assuming additional smoothness of the potential 
$ we can obtain higher regularity of time derivatives of the trajectories from 
the attractor. 
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